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Abstract

Stellar non-radial oscillations (p-modes) are ideal tools to test theories of stellar
evolution and to provide information about stellar properties. This thesis develops and
tests a technique to determine the stellar model (which varies in mass and age only)
whose pulsation spectrum best matches an observed pulsation spectrum. The best match
of observed frequencies to a stellar model yields a mass and age for the observed star.

A method of direct comparison is used whereby a set of observed stellar p-modes
are compared individually with p-modes calculated from stellar models. A grid of
model frequencies calculated from stellar models that vary in mass and age only is
required. This grid is the basis of comparison with observed stellar p-mode frequencies.

The quality of each comparison between observed frequencies and model spectra
is characterized using a chi-squared best fit parameter where a low value denotes a good
match. An overall minimum from the comparison of observed frequencies and model
spectra identifies the best fit stellar model; therefore predicting mass and age values.

Initial debugging tests of this frequency searching technique are performed using
model generated stellar p-mode frequencies. Testing indicates the requirement of high
resolution in mass and age for a grid of model frequencies. This condition is necessary
to provide sufficient resolution to the calculated chi-squared results.  Linear
interpolation of model frequency in age is utilized to increase the grid resolution in age.
Tests with increased grid resolution show good results with smooth variation in
calculated chi-squared values.

A single, blind analysis is conducted with four model generated sets of p-mode

frequencies whose stellar model properties were unknown to me. This analysis

Vil



evaluates the ability of the technique to identify the unknown stellar properties of the
artificial sets of frequencies. Tests are also performed using observed solar p-mode
frequencies and observed stellar p-mode frequencies from observations of o Cen A.
Results show the frequency search technigue is successful in determining the
stellar model (or range of stellar models) whose pulsation spectrum best matches an
observed set of frequencies. Mass and age estimates for solar-type stars can be
constrained using only p-mode oscillation data. Future work using the frequency search
technique will involve the generalization of the technique to include variation in the

heavy metal composition, the helium abundance and the mixing length parameter.
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Introduction

The goal of this thesis is to develop and test a technique that will determine the
stellar model whose pulsation spectrum best matches an observed pulsation spectrum.
This technique will search for the best match with stellar models that are varied in mass
and age, with the composition and the mixing length parameter constant.

A computer program will be developed that will compare a set of observed
frequencies with a constructed grid of model frequencies derived from stellar models.
All frequencies will be compared individually and the comparison will be evaluated
using an appropriate best fit parameter. Matches between observed and model
frequencies will be determined through a defined criterion.

Debugging tests of the technique will be conducted using artificially generated
observed frequencies with known stellar properties. These tests will determine if the
technique works. Additional tests will be conducted using artificially generated
frequencies with unknown stellar properties (a single, blind analysis), observed solar p-
mode frequencies and observed stellar p-mode frequencies from o Cen A.

Solar non-radial oscillations are observed to high accuracy and have provided
fundamental information about the physical characteristics and internal structure of the
Sun. P-mode non-radial oscillations are predicted and known to exist on solar-type

stars. Since the characteristics of p-mode oscillation depend on the physical properties



of the host star, utilizing stellar p-modes as indicators of stellar properties’ (e.g. mass,
age, luminosity, effective temperature, composition and mixing length; see § 2.1)
represents a useful research tool for stellar astrophysics. This thesis develops and tests a
technique where stellar, p-mode non-radial oscillations are used to constrain stellar
properties; specifically the properties of mass and age.

This chapter provides the nomenclature and theoretical background for non-

radial oscillations studied by this thesis.

1.1 Fundamentals of Stellar Non-radial Oscillation

Oscillations are common phenomena in nature. Familiar 1-D examples include
the vibrations of a string or of a pipe organ. Such 1-D oscillations are described by sine
waves. A 2-D example of oscillations is modes observed on the surface of water,
induced by some vibration (driving mechanism). Stellar non-radial oscillations (p-
modes) are 3-D examples of oscillations. In 3-D, the angular dependence of the non-
radial oscillations are described by spherical harmonics which characterize the
oscillation pattern on the stellar surface and interior.

A classical review of oscillations is found in Ledoux and Walram (1958), while
Unno et al. (1989) offer a general explanation of stellar oscillations. Additional reviews
of oscillations relevant to helioseismology and asteroseismology include Cox (1980),
Christensen-Dalsgaard and Berthomieu (1991), Gough (1993), Brown and Gilliland

(1994) and Christensen-Dalsgaard (1998; 2002). This section provides a brief

! Stellar properties are required to study the characteristics of individual stars, stellar populations and
galaxies. Accurate stellar properties are required to construct detailed stellar models and to obtain
unobservable stellar properties (e.g. age, helium composition, mixing length; see § 2.1).



discussion of the fundamentals of stellar pulsation used in helioseismology and
asteroseismology.

For the case of a spherically symmetric, non-rotating star which undergoes a
small perturbation to the mean state of the star, the perturbation may be described by the
following equation,

E(r,0,4,1) =&, (Y (6,4)e " (1.01)
In equation 1.01, £ is a scalar perturbation associated with a pulsation mode (e.g. radial,
pressure, or gravitational potential displacement), ®., is the angular frequency of the

propagating wave and Y,"(8,¢4) are the spherical harmonics represented by,

Y"(6,¢)=(-1)"C,,B" (cosB)e™ . (1.02)

Im

In equation 1.02, P" is an associated Legendre function of degree / and azimuthal order

m, Cy,, is a normalization constant, 8 is the co-latitude, ¢ is the longitude, r is the radial
coordinate and ¢ is the time (Brown and Gilliland 1994).

In the spherical harmonic description of a small perturbation, / represents the
degree of a mode and is a measure of the number of nodal lines along a meridian on the
surface of a star. The value of the degree / is / > 0. The azimuthal order is represented
by m, and corresponds to the number of nodal lines along the equator on the surface of a
star. The value of the azimuthal order ranges from m = -/ to /. The radial order, #,
represents the number of nodal lines from the centre of a star to the surface. Radial
order is not directly observable since it deals with depth information. For p-modes, #
will have values > 1. Figure 1.1 presents six pictorial examples of spherical harmonics
on the surface of a star for differing values of / and m.

The angular frequency of equation 1.01 is related to frequency by the relation,



=27y

) (1.03)

nlin nlm °

For a spherically symmetric star, mode frequencies are independent of m and depend
only on / and n. Rotation, a magnetic field or the presence of any phenomena which
breaks spherical symmetry will eliminate the independence of m (Brown and Gilliland
1994). In this thesis, all stellar models are assumed to be spherically symmetric, non-
rotating, without a magnetic field, thereby eliminating 7 from the description of p-mode

frequency.

1.2 p- and g-modes

Pulsation theory predicts two types of modes which may propagate within a
stellar interior and outer envelope. These modes are p-modes and g-modes. The
locations of mode propagation and the type of modes are defined by the physical
properties of a stellar interior.

P-modes are sound waves, where the dominant restoring force is pressure. Such
modes are found to propagate within the outer regions of stars (e.g. outer convective
envelopes) where they are driven by the stochastic excitation of convection. P-modes
have maximum amplitudes within outer convective envelopes. This thesis focuses on
stellar p-modes.

G-modes are gravity waves, where the dominant restoring force is gravity.
These modes are found to propagate within the interior regions of stars (e.g. stellar
radiative cores) and are damped in convective regions. G-modes are observed on white

dwarf stars and are predicted to exist in solar-type stars. If observed, g-modes would
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Figure 1.1: The above figures present six pictorial examples of the spherical harmonics
for differing values of / and m on a stellar surface. The blue areas are regions moving
towards the observer whereas the red areas are regions moving away from the observer.

The axis of rotation has been titled forward to provide a clear perspective.
(http://bison.ph.bham.ac.uk/)




provide valuable information about the cores of solar-type stars (Demarque and

Guenther 1999).

1.3 Asymptotic Theory for p-modes

Under the assumption that the radial order is much greater than the degree (i.e. 1
» [), asymptotic theory of oscillation frequencies provides simplified formulae for
characterizing frequency behaviour to lowest order. The use of asymptotic theory is
beneficial since solar-type p-mode observations are restricted to low-/ values of / =0, 1,
2 and 3. Additional discussion and information about asymptotic theory and asymptotic
theory for p-modes are found in Cox (1980), Tassoul (1980), Brown and Gilliland
(1994), Christensen-Dalsgaard (1998; 2002), and Guenther (2002).

To second order, Tassoul (1980) characterizes p-mode frequencies for n » [ by

the relation,

2
vo= Pl L pay - )2 (1.04)
27 2 4 V.,
where
R -
¥
Av:(ZL C—J ) (1.05)
1 Rdc. dr
A= PO ey 1.06
47zzAv[ jo dr r) (1.06)

In equations 1.04, 1.05 and 1.06, B, € and « are constants that depend on the structure of
the stellar surface layers, R is the radius of the star, and L° = + 1/2. A second order

expansion of a p-mode frequency is required to infer stellar structure.



Equation 1.04 predicts a uniform spacing for p-mode frequencies. The large
frequency spacing is defined as,

A i = Vll/ —_Vn—l.[ ’ (107)

To leading order (assuming n » /), A, (equation 1.07) is proportional to Av (equation
1.05). Based on this relationship, the large frequency spacing depends primarily on the
run of sound speed (cs) within the surface layers of a star. For an ideal gas, the sound

speed may be characterized by the following relation,

2 ksT

ol = (1.08)
Himy

S

where kp is the Boltzmann constant, i is the mean molecular weight and mpy is the
atomic weight of hydrogen. The large frequency spacing provides a measure of the time
taken by a p-mode to cross the diameter of a star and is an indicator of stellar radius
(Isaak and Isaak 2001). Observationally the large frequency spacing is obtained from a
Fourier transform of a power spectrum of stellar oscillations. (Guenther 2002)

A second frequency spacing present in a p-mode spectra is the small frequency
spacing, which is defined as,
O =V —Variir2- (1.09)
The small frequency spacing (equation 1.09) is related to equétion 1.04 through the

relation (Tassoul 1980),

(1.10)

Av jR de, dr

5, =0v, = (4l +6) e

472'2V",
Equation 1.10 shows the small frequency spacing depends predominately on the

derivative of sound speed within the stellar interior, resulting in sensitivity to the



structure of a stellar core. The small frequency spacing is an indicator of evolutionary
state and is sensitive to helium and heavy metal abundances (Guenther 2002).

The usefulness of the large and small frequency spacing decreases with evolution
off the main sequence. As evolution continues, the mode bumping of p-modes by g-
modes perturbs individual frequencies to the point of contaminating the regular
frequency spacing (Guenther 2002). Figure 1.2 presents a schematic of the regular
frequency spacing for modes / =0, 1, 2 and 3 in a plot of amplitude versus frequency.
Indicated in figure 1.2 are the large and small frequency spacing plus the individual

frequency arrangement for a p-mode spectrum.

1.4 Oscillations & Fundamental Properties

The characteristics of individual p-mode frequencies are set by the physical
properties of their host star. The large and small frequency spacing, which are
characteristics of a p-mode spectrum, are indicators of stellar radius and evolutionary
state, respectively. For p-modes, it is useful to understand the reasons why these
frequencies provide information about the properties of a star. This section discusses
relationship between p-mode frequencies, stellar properties and stellar evolution.

Equations 1.04, 1.05, 1.06 and 1.09, show how stellar p-mode frequencies are
inversely proportional to the run of sound speed integrated over the radius of a star.
However, what characteristic of the sound speed provides information about stellar
properties?

In equation 1.08, the sound speed is essentially determined by T/u, the

temperature and the mean molecular weight. For a star, the run of sound speed will
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Figure 1.2: A schematic plot of amplitude versus frequency showing the regular frequency spacing for the modes / = 0, 1, 2 and 3
within a p-mode spectrum for the case of a non-rotating star. The large and small frequency spacing are indicated. The relative

ordering for radial order values, #, is indicated.



decrease with radius as the temperature decreases towards the surface of a star.
Applying this relationship for sound speed to equation 1.05 causes the integrand of

Rdr ) o L .
L — to increase, hence so does the contribution to the large frequency spacing,
¢

moving towards the surface. As stated in § 1.3, the large frequency spacing is related to

the dynamic time scale, which is defined as,

)& i —\-1/2
zd_w,;( j = (6p) (111)

GM

where ; is the mean stellar density (Christensen-Dalsgaard 1998). From equation 1.11,

the large frequency spacing is related to the mean density of a star.

Over the evolutionary history of a star, interior temperature will increase with
core contraction and the mean molecular weight will increase as hydrogen is fused into
helium within the core. Changes in the temperature and density of the central regions
will cause the sound speed to decrease. Individual p-mode frequencies will decrease in
value along with the frequency spacing. The radius of the star will increase with
evolution causing the large frequency spacing to decrease. The small frequency spacing
is sensitive to the evolutionary changes in the central regions of the star. During later
stages of evolution (e.g. the giant branch), p-mode frequencies will have lower values,
with small or no uniform frequency spacing resulting in a more compact p-mode
spectrum.

Efforts to use p-mode frequencies to determine stellar properties were performed
by Ulrich (1986, 1988) and Christensen-Dalsgaard (1988, 1993) who explored the
sensitivity of the large and small frequency spacing to changes in mass and age. Ulrich

(1986, 1988) and Christensen-Dalsgaard (1988, 1993) produced the idea of an

10



“asteroseismic HR-diagram™ and concluded that if the heavy metal composition is well
known, the large and small frequency spacing provide useful estimates of mass and age.
Figure 1.3 shows an example of the summarized “asteroseismic HR-diagram” in a plot
of small versus large frequency spacing. In figure 1.3, solid lines denote constant mass
and dashed lines denote constant central hydrogen composition”. Gough (1987) states
that this conclusion is too optimistic and suggests that additional constraints such as
individual frequencies or traditional astronomy measurements’ are required to obtain
accurate estimates of mass and age.

Brown et al. (1994) explored the use p-mode frequencies to determine stellar
properties in a more complete treatment of the problem. They show the inclusion of
individual p-mode frequencies substantially improves the estimation of stellar

properties.

2 The central hydrogen composition is a measure of stellar evolution or age for the asteroseismic HR-
diagram.

* The traditional astronomy measurements suggested by Gough (1987) include photometry, astrometry
and spectroscopy.

11
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Figure 1.3: A plot of small (8v) versus large (Av) frequency spacing showing the
“agteroseismic HR-diagram” of Christensen-Dalsgaard (1993). Variation in the
frequency spacing with stellar mass and age is indicated. Constant mass lines are
indicated by solid lines; constant central hydrogen abundance (age) is shown by dashed
lines. (With permission, from the Annual Review of Astronomy and Astrophysics,
Volume 32, © 1994, by Annual Reviews www.annualreviews.org)
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Backgroun

This chapter provides background information on stellar properties, stellar

modelling and non-radial oscillation research required for this thesis.

2.1. Fundamental Properties and Stellar Modelling

Seven independent stellar properties are required to create a detailed stellar
model for an individual star. These stellar properties include mass, age, luminosity
(determined from distance and bolometric magnitude), heavy metal composition, helium
composition, effective temperature and a mixing length parameter. This section
summarizes the seven required stellar properties and the general uncertainties in their
measurements.

Stellar masses are determined from astrometric observations of the orbital
motions of multiple stellar systems using Kepler’s third law. Masses may also be
inferred using the relationship between mass and luminosity® (for main sequence stars
only) or predicted from stellar evolution’. Mass measurements from well determined

orbits of nearby binary systems (e.g. o Cen) have uncertainties of 5 — 10 % (Guenther

and Demarque 2000).

* The mass — luminosity relationship is determined for the main sequence from observations of binary

systems.
> This prediction is achieved by the comparison of a star’s position on the HR-diagram with the
predictions of stellar evolution.
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Stellar luminosity is determined from the measurement of distance and
bolometric magnitude. For nearby stars, distance may be determined from parallax
measurements which have uncertainties of ~ 1 % or better. Bolometric magnitude is a
measure of total stellar luminosity, over all wavelengths. It is calculated by applying a
bolometric correction to a stellar visual magnitude, correcting for the limitations of
instrumentation and the absorption of the atmosphere. The bolometric correction is
calculated from stellar atmosphere fits of nearby stars. Stellar luminosities have
uncertainties of 1 — 10 % for nearby stars (Guenther and Demarque 2000).

The heavy metal composition is a measure of the stellar abundance of all
elements other than hydrogen and helium. The heavy metal composition for a star may
be determined from a variety of techniques which include a detailed model atmosphere
analysis of observed stellar spectra. Heavy metal composition measurements have
uncertainties which range from 10 — 50 % (Guenther 1998).

Stellar effective temperature is the temperature of a black body that radiates with
the same total luminosity per unit area as an observed star. Measurements of total
luminosity and stellar radius enable the calculation of effective temperature using the
Stephan-Boltzmann equation®. Other techniques used to evaluate effective temperature
include modelling the absolute stellar energy spectrum or the use of a temperature
indicator such as a colour index’, line-depth ratios (e.g. see Gray and Brown 2001) or

equivalent line-widths (e.g. see Kjeldsen et al 1995; § 2.3.1). The uncertainties in

2
star

% The Stephan-Boltzmann equation is £ = 47R O’T;f where R, is the stellar radius, & is the Stephan-

Boltzmann constant and 7,4is the stellar effective temperature.

? A colour index is the measured difference between stellar apparent magnitudes at two different
wavelengths {e.g. B-V, U-V). Colour index provides a colour temperature, which is the temperature of a
black body with the same colour index as the observed star.
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effective temperature measurements are + 20 K at best (typically ~ 50 K) (Guenther
1998).

Age is determined for the Sun from measurements of the age of the Earth and the
oldest meteorites in the Solar System. Stellar ages may be inferred from stellar
evolution or from qualitative correlations of age with stellar rotation, stellar activity or
stellar velocities. The age estimate for the Sun has an uncertainty of £ 0.1 Gyr
{Guenther and Demarque 1997).

Helium abundance (Y) and the mixing length parameter (o) are not determined
from observations. Helium spectral lines are not formed at the effective temperatures
present in the atmospheres of solar-type stars. The mixing length parameter is a part of
the mixing length theory approximation of convection (see § 3.1). Helium abundance
and the mixing length parameter are calibrated by solar models and applied to other
stars.

The physical properties of the Sun are the most well determined stellar properties
for any observed star. Solar mass and luminosity have uncertainties of ~ 0.1 %. The
solar age is estimated to an uncerfainty of ~ 1 % and the surface heavy metal
composition has an uncertainty of approximately + 5 %. The solar effective temperature
is known to an uncertainty of + 20 K, and helioseismology provides a determination of
the helium abundance of the outer convective envelope to + 0.2 % (Richard et al. 1998).

Stellar properties used to produce stellar models do not have the accuracy of
solar properties and therefore are unable to produce results as detailed as current solar
models. New techniques developed to determine or infer stellar properties will assist in

reducing the uncertainties of stellar properties and stellar models.
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2.2. Helioseismology

Helioseismology is the study and observation of global, non-radial oscillations
on the surface of the Sun. Solar non-radial oscillations (p-modes) are observed to high
accuracy and are diagnostic tools used to probe the solar interior, composition, dynamics
and stellar evolution. |

First indications of solar oscillations were observed by Plaskett (1916), who
detected changes in Doppler velocity measurements of the solar surface. These
observed changes were confirmed to be of solar origin by Hart (1954; 1956). Definitive
observations of oscillations on the solar surface were obtained by Leighton et al. (1962).
Leighton et al. (1962) observed vertical displacements on the solar surface with velocity
amplitudes of ~ 0.4 km s, with a period of ~ 300 seconds (5 minutes)®. Subsequently,
the observed oscillations were described by the name, “S-minute oscillation.”

The observed “S-minute oscillation” was believed to be a local phenomena
occurring on the solar surface, related in some way to the observed turbulent convection
occurring within the solar atmosphere. The work of Ulrich (1970) and Leibacher and
Stein (1971), led to the theoretical understanding that the observed oscillations are
global, surface manifestations of resonant sound waves (pressure modes or p-modes) on
the solar surface.  Additional elaboration on the historical development of
helioseismology may be found in Christensen-Dalsgaard (2002).

Observed solar p-modes are sound waves trapped within the spherical-shell
cavity of the Sun, possessing inner point turning radii that depend on the physical

properties of the solar interior (Demarque and Guenther 1999). The terrestrial

¥ The 5-minute solar oscillation signal is the combination of 10’ individual modes. Each mode has typical
velocity amplitude of ~ 15 cm s (Christensen-Dalsgaard 2002).
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equivalents to solar p-modes are seismic p-waves. Solar non-radial oscillations are
generally classified as “solar-type” oscillations, which are the result of stochastic
excitation by turbulent convection (see Houdek et al. 1999) within the outer convective
envelope. Solar-type oscillations are predicted to exist within stars on the cool side of
the & Scuti instability strip’ where convection is expected to occur within outer stellar

envelopes (Kjeldsen and Bedding 2001).

2.2.1 Results of Helioseismology

Research using the observations of helioseismology has made fundamental
contributions towards understanding the Sun and testing stellar evolution. This section
summarizes the observations and some key results of helioseismology.

Observations of solar non-radial oscillations identify approximately 10
individual modes. These p-modes have frequencies ranging from approximately 1600
uHz to 6000 uHz (e.g. see figure 2.1), and may have values of / as high as several
thousand (Christensen-Dalsgaard 2002). The resolved solar disk allows the observation
of p-modes with high degree, /.

Solar oscillation observations are obtained from a number of dedicated
helioseismic observing facilities located throughout the world that are networked to
provide continuous observation of the Sun. Networks for solar observation include
BiSON (Birmingham Solar Oscillation Network; Chaplin et al. 1996) which provides

disk averaged oscillation observations, and GONG (Global Oscillation Network Group;

® The instability strip is a narrow region of the HR diagram where the stars are characterized by pulsation.
The & Scuti instability strip is a sub-section of the instability strip characterized by evolved F-type stars
found near the main sequence. 8 Scuti stars exhibit both radial and non-radial oscillation. (Carroll and
Ostlie 1996)

17

























































































































































































































































































































































































































































